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Abstract Analysis of a mixed biological stain by means
of highly polymorphic VNTR systems usually reveals a
profile composed of multiple markers. If the victim and
one or several suspects match the profile the evidentia
strength of the matches has to be very carefully analysed.
It is shown that a treatment to evaluate mixed stains
within the scope of a hypotheses testing approach yields a
formula identical to one proposed recently by Weir und
coauthors. A simple combinatorial proof of thisformulais
presented. Further, a special computational formulais de-
rived for the cases where the formula of Weir turns out to
be cumbersome.
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Introduction

DNA analysis of biological stains has become one of the
most powerful investigative tools in forensics and is now
used worldwide. DNA profiling is especially powerful in
detecting stain mixtures. However, it is till controversia
how to present this kind of DNA evidence in court. The
aim of any quantification in cases of non-exclusion is to
statistically evaluate DNA profiles obtained from a stain
to identify the assailants out of the group of tested persons —
victims and suspects. Propositions for the stetistical treat-
ment of relativly simple cases based on the simple sorting
out have been made by earlier workers [1-4]. A major
progress marks the general formula proposed recently by
Weir and coauthors [5] and proved then by Brenner (Ap-
pendix in Ref [5]) in arather complicated way.
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The entire problem can be formulated in terms of hy-
potheses testing. A DNA mixture from a crime scene —
the stain — can contain contributions from one person or
from a number of persons: victims, assailants. A compar-
ison of the stain profile with the single person DNA pro-
files taken from a group of tested persons — victims, sus-
pects — is performed with the am to identify the as-
sailants. However, such acomparison usually leaves room
for more than one aternative.

This situation istypical to apply the theory of hypothe-
ses testing to evaluate the probabilities of these alter-
natives. Each of mutually excluding hypotheses H.,
H,, ..., Hy about the circumstances of the crimeis a state-
ment specifying members of a group of persons — among
them all tested persons and, if necessary, non-tested per-
sons (unknowns) — as either contributors or non-contribu-
torsto the crime sample. We call the content of each state-
ment a scenario, Z,.

According to the scheme of hypotheses testing the in-
formation from al DNA tests is accounted for in the cal-
culation of the a-posteriori probability of H; which is the
conditional probability of H; under the condition of al test
results. Under test results or “ test” we understand the en-
tire set of the crime sample and personal tests. This prob-
ability (we designate it as p(Hi/test) = W) is:

N
Wi=pH) - X/ pH) % (=1 ..., N), (@)
2

J

where X; = p(test/H;) is nothing more than the probability
of the scenario Z, and p(H;) is the a-priori probability of
the hypothesis H;. Thus the quantitative assessment of
the forensic DNA evidence comes to the calculation of X;
i=1, .., N.

In this paper we show that the probability X; can be cal-
culated with the formula of Weir. Furthermore we give a
simple combinatorical proof of this formula and derive
another expression for X; suitable for the cases where the
formula of Weir appears very cumbersome.

We consider a number of examples and show that they
al fit in the above scheme of hypotheses testing. As this
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consideration reveal s the common structure for the proba-
bilities of the scenarios this structure is analysed in the
next sections. Two subsequent sections contain a short
combinatorial proof of the formula of Weir and the de-
rivation of a convenient recursive formula for X,. A nu-
merical exampleis given in the last section.

The general structure of the identification problem

Before deriving the general structure of the identification
problem on the basis of a number of examples we make a
few comments and introduce necessary designations addi-
tional to those given in the introduction.

1. Theanaysisis performed for a polymorphic single lo-
cus DNA system. An extension to the case of several loci
istrivial —thetotal probabilities X; are products of X;-s ob-
tained for each locus provided that they are independent.

2. Aswill be seen below a scenario Z; commonly consists
of independent partial scenarios which we will designate
as Zi(1), z(2), ..., Z(m). Because of the independence of
the partial scenarios

X =Xi(1) - X(2) - Xi(m).

The partial scenarios are of two kinds.

A scenario of the first kind represents one isolated
tested person, T. The probability — designated p(T) — is
then simply the genotype frequency of T. A partial sce-
nario of the second kind represents the entire group of the
contributors to the stain, which commonly consists of
both non-tested and tested persons. In the special cases
where al contributors are tested persons, the correspond-
ing partial scenario transforms to a set of partial scenarios
of the first kind.

3. We will designate the alleles as Aq, A,, ... and their fre-
guencies as ay, &y, ...

The following assumptions underly the treatment:

¢ The entire analysis addresses codominant systems. This
means that only homozygous persons show a single
property in a specific DNA test.

¢ The non-tested persons (unknown) are not related to
any participants (known or unknown) and belong to one
ethnic group

¢ There are no exclusions i.e. al the participants are in
concordance with the stain.

Now let us proceed to the examples.

I. A mixed stain. The stain showing three aleles A, Ay,
A; is produced by two persons — the victim (V) and one
non-identified assailant. The victim shows the alleles A,
A,. The suspect (S shows the dleles A,, A;. Two hy-
potheses arise.

Hypothesis H,: Sis the stain producer

Hypothesis H,: Sis not the stain producer, an unknown
person (U) is the stain producer.

The corresponding scenarios and their probabilities are:

Hy Z,(1): V (stain)  Xy(1) =p(V) =28,
Zy(2): S (stain)  Xy(2) =p(S = 2333
Xp =pV) - p(S = 4333,
H, Z(1): S Xo(1) =p(S = 2333
Z5(2): {V, U} (stain) X,2) =7

To settle the probability X,(2) we need a short discussion.
The events U and V are now not independent, because
both of them are the contributers to the stain. The proba-
bility for the partial scenario Z,(2) is deduced from the
formulafor conditional probability:

X5(2) = p(V) - p(UNV),

where p(U/V) is the probability for U to be a contributor
to the stain under the condition that V is a contributor to
the stain. Thus the second hypothesis can be represented
as dealing with three independent persons: SV and an fic-
tive person U/V. This fictive person may have any aleles
from the stain but it must have those of them which are
not shown by V (in our example this is A;). Hence the
phenotype of U/V consists of three genotypes A; A;, A As,
A, A; and its probability is a3 + 2ay(a, + ay).
Thus we can paraphrase the hypothesis H, as:

Hy Zy(1): S  (stain) Xy(2) = p(9
Zy(2): V. (stain) Xy(2) = p(V)
Z,(3): U/V (stain) X5(3) = p(U/V)

X =p(V)p(Sp(UIV) = 4a,a3a3(ag+2a,+2a,)

Using the same procedure one can easily construct the
scenarios for the next somewhat more complicated exam-

ple.

[1. The rapein group. Let us assume that three persons
have contributed to the stain: the victim and two non-
identified assailants. Three persons have been tested: the
victim (V) and two suspects (S1 and S2) and none of them
is excluded. Four hypotheses settle the matter.

H,: Sl and 2 are both contributers to the stain.

= 2a2a3
= 2a1a2

= (a3 + 2a, + 2ay)

Z,(D): Vv (stain)
Zy(2): SL (stain) X = p(V)p(SDp(S2)
Z,(3): (stain)

H,: The stain is produced by V, S1 and an unknown per-
son (U); S does not contribute to the stain.

Z,(1): R
Z2): V (stain) X, = p(V)p(SDP(S2)p(U/V& S1)
Z,(3): S (stain)

Z,(4): UIV&SL (stain)

Hj: The stain is produced by V, 2 and an unknown per-
son (U); S1 does not contribute to the stain.

Z5(1): S1
Zy(2): V (stain) X3 =p(V)p(SDP(S2)p(UNV& )
Z5(3): X (stain)

Z,(4): UV&S2 (stain)
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H,: Both Sl and 2 are not the contributers; the stain is
produced by V and two unknown persons (U1 and U2).

Z,(1): s1
Z,(2): &2 X =p(V)P(S)p(R)p(U1&U2/V)
Z43): V (stain)

Z,(4): (U1&U2)IV (stain)

Note that the product of the genotype frequences of all
tested persons

11 =p(V)p(S1)p(K2)
is contained in each X;, i.e.
X =11 - X;, where

X, =1

X, = p(U/V& SL)
X5 = p(UIV& S2)
X, = p(U1& U2/V)

On the other hand a factor common to al X; can be safely
cancelled in Eq.(1). This means, that for the calculation of
the a-posteriori probability of the hypotheses it is suffi-
cient to know only the values of X;.

The examples shown above facilitate the following
general formulation of the identification problem for a
mixed stain.

Let us assume that a hypothesis H; states that the stain
is produced by n unknown persons U;, U,, ..., U, and a
number of tested persons T;, Ty, .... Obviously, each of
these unknown persons can show only alleles of the stain
and the entire set of these persons in the aggregate must
show all the alleles found in the stain which are not pos-
sessed by the tested contributors. We designate the num-
ber of these “must”-alleles as k and the alleles themselves
-asAq, Ay, ..., A The probability of the event “n unknown
persons contribute to the stain under condition that a fixed
number of tested persons contribute to the stain” we des-
ignate as p(n, K):

p(Ul&UZ& &Un/Tl&TZ ) = p(n, k)

We see that the a-posteriori probability of a hypothesis H;
can be calculated as

N
Wi = p(Hj) 'Xi/Z p(H;) - X;, where
~ =1

Xi=p(n, k) for n>0

Xi=1 for n=0

Thus the entire identification study focuses on the calcu-
lation of the probabilities p(n, K).

Solving the problem of hypotheses evaluation

Consider a stain showing m aleles A, A, ..., A, with the
frequenciesin the population ay, a,, ..., a,, respectively. Ac-
cording to the current hypothesis the contributors to this
stain are h unknown and a number of tested persons. The
group of n unknown contributors can have only aleles

from the stain and must have k alleles Aq, A,, ..., A (k< m,
k < 2n) which are not contained in the genotypes of the
tested contributors. The probability of this event was des-
ignated p(n, K).

To evauate this probability we apply the following
combinatorial reasoning. Let us view the genotypes of un-
known contributors as ordered pairs A/A; (with the proba-
bility of appearance a;a) so that AA, is different from AA;
if i #]. Let usaso consider a sequence of 2n places which
should be occupied by the 2n alleles of n unknown per-
sons. This sequence of 2n places should be filled by alle-
les belonging to the stain, but the first k alleles A, A, ...,
A, must be contained in the sequence at least once, i.e. k
places are necessarily presented for them. The rest of this
sequence containing 2n—k places can be occupied by any
aleles from the stain. The number of times an allele A
(i =1, .., mismetin the rest sequence we designate n;,
O=snm<s2n-k n +n, + ... + Ny, = 2nK).

The number of different variants to fill 2n places with
m alleles under the condition that thefirst k alleles are met
n, + 1 times each, while the other m—k alleles are met n,
times each (0 < n; < 2n-K) is given by the polynomial co-
efficient:

(2n)!
(M *+ D (e Dine! -
and the probability of each of these distributionsiis:
a*-- gt alyy! - ay.

The probability p(n, k) to be found is the sum of the prob-
abilities of al different distributions:

@)

N

Iam+l ... aMk+laMit ... oMm
p(n, k) - (Zn)-al A" AT am (3)
n1+---+nm=2n—k(n1 + D (et DNy ! - ng!

n =0

The expression (3) in principle gives the general solution
for p(n, k). However, to compute the m-fold sum (3) isa
very complicated problem, especially for large m and
2n —k. Therefore we will derive in the next two sections a
more convenient formula for this purpose.

A computational formula for p(n, k) for smaller k values
Formula (3) can be transformed in a following way. Con-
sider the polynomial formula

nix -
nl! -

Nm
Xm

Nyt

4)

X+ X+ ...+ X)) =
ny+--+n,=n
n=0

One can easily see that on the basis of (4) for k=0 Eq.(3)
acquires the form

(2”)!3{?1 e a'l%m — SZ“

p(n, 0) = : (5)
ny+--+FNp=2n Myl - Nl
n=0

where

S=gt+tapt -+ay (6)
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is the sum of the allele frequencies for all the alleles de-
tected in the stain.

The formula (5) can be seen as the probability of the
distribution of {n;} when each of n, (i =1, ..., m) can also
have a zero value. To obtain the corresponding probability
for the case k > 0 one should subtract from the probability
given by (5) the probability S of the following event: at
least one of ny, n,, ..., N iszero. Let us derive the formula
for the probability S.

We designate the probabilities of events{n, =0}, {n, =
0,m=0{n=0,n=0,n=0},..asp; P Pij; - e
spectively and also introduce the sums

=) P =) P S= P -

where S is the probability that exactly r items of n,,..., n,
are equal to zero. Then the probability Sthat at least one
of them is zero can be calculated according to the formula

[6]:

S=S-S$+S-§+..+ (DS

providing for the probability p(n, K):

p(n, K =p(n,0) -S=s"-§+S-..+(-D*S. (7)

The probabilities p;; p;j; ;. --- can be easily computed

with the formula (5) setting there {n; = 0} ; {n; =0, n; = 0} ;

{ni=0,n; =0, n; =0};... respectively:

@n)'ar -
nl! -

i<j<l<..<k

-atialyi- o _
== (s—a)™

M_a!Meg! o Ny
®

pi =
nyt+-+ny, = 2n
n=0
Py =(5—a-a)™
P = (s—a —a —a)™, ...
Formulae (7, 8) are identical to the formula of Weir and
are convenient for the calculations in the case of rather
small k. For larger k the number of terms grows rapidly
making the calculations cumbersome. An approach
specifically designed for large k is therefore needed.

A computational formula for p(n, k)
for the case of large k values

The search for aformulafor large k is substantiated by the
following argument. Note that for k = 2n the formula (7)
contains 2n items. On the other hand in this case all the al-
leles of n unknown persons are different and allow for
(2n)! permutations which leads to a simple formula

p(n, 2n) = (2n)!a;a, - -- ayy,

containing only one term.

When k = 2n — 1 then one place can be occupied either
by an allele from the group &, 1, ..., &, with the probabil-
ity (2n)'a; ... a - (&g, 1 + ... + @y or, by an alele from the
group ay, ..., & with the probability (2n)!a; ... a(a; + ... +
a)/2!. The factor 2! is necessary because the correspond-
ing A(i < K) appears twice and their permutations are in-
distinguishable. Designating

+1t .- tan=q 9)
we obtain for k =2n—1:
k
p(n, K =(2n)'ay - a(a+ ) a/2!) = (2n)!a; -~ a(s+ g)/2
i=1

On the basis of analogous combinatorial reasoning the
following general formula for the calculation of p(n, k) in
case of k < 2n can be obtained:

r foj K i

p(n, k=2n-1) = ()&, -+ & q(%(])'l) 0

i= :
where
. a:'LWl v al?k
k)= .
Q(k, 1) nl+-;’]k=j N+ D! - (n+ 1!
0< n; S]

Importantly, the term Q(K, j) can be calculated in a recur-
sive way. Note that especially n, can take values i =
0,1,...,j. Thus
j i n MNic
o ak all - akkl
A= T+ DL (e r D

Npteety g =i
0<n <j-i

Theinternal sum is nothing else than Q(k—1, j—). Therefore
we arrive at the following recursive formula for Q(k, j):
i

L a
Q) =Y o Qk-1i-D
i=0 )

Qk,0) =1
Q0,j)=0 for

The formulae (7, 8) and (10, 11) are convenient since they
contain explicitly only the frequencies of the alleles oblig-
atory for the unknown persons included in the stain while
the other alleles are present in a “cryptic” way — within
the terms s and q and the sums are at the most n-fold.

Combining these formulae one can easily determine
p(n, K) for n=0,1,2.

p(0,0) =1

p(1,0) =<
p(L, 1) =2 —(s—ay)?
p(L, 2) = 2813,

p(2,0)=¢*

pi2, ) =s*—(s—ay)*

p2,2) =s'—(s—a)*—(s—ay)*+ (s—a; —ay*
P(2, 3) = 12a4a,35(q + 9)

P(2, 4) = 24,2358,

(11)
i>o0.

(12)

Numerical example

In order to illustrate the application of the theory we ad-
dress the situation described in the example 2 and con-
sider results of the tests performed in 3 loci (3 systems).
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Table 1 The entire test results — the stain and single person tests
for the victim and two suspects — as well as the frequencies of the
aleles found for the three systems

System Stain Freguency \% S1 2
DQa 1.1 0.134 + +
12 0.170 +
14 0.324 + + +
FES 10 0.327 +
11 0.396 + +
12 0.224 +
13 0.032 +
F13A1 3 0.082 +
5 0.174 +
6 0.314 + +
7 0.341 +
15 0.026 +

Table2 Values of sand explicit n, k values together with the fre-
quencies a, ..., & of corresponding alleles for each hypotheses H;

System s Hy H, Hs H,

DQa 0.628 p(0,0) p(1,0) p(1,1) p(2,1)
a; =0.170 a,=0.170

FES 0.979 p(0,00 p(1,2 p(1,0) p(2,2)
a, =0.327 a, = 0.327
a, = 0.032 a, = 0.032

F13A1 0937 p(0,00 p(1,1) p(1,2) p(2,3)
a,=0174 a,=0341 a,=0.174
a, = 0.341
a; = 0.026

These results are shown in Table 1, which presents the
aleles found in the stain, the frequencies of these alleles
in a population and also the single person tests of the three
tested persons (one victim and two suspects S1 and S2) for
the three investigated systems.

In Table 2 we give the s values and also the explicit
numbers n and k in the form of p(n, k), as well as the

Table 3 Results of the calculations: the quantities X; for each sin-
gle locus system and for the combination of the 3 systems; the
likelihood ratiosL; (i = 2,3,4) for the hypotheses H; as compared to
the hypothesis H;

System Iogloii +10
H, H, Ha H,

DQa 10 9.5959 9.2663 9.0474
FES 10 8.3207 9.9816 8.9106
F13A1 10 9.4710 8.2488 8.3923

3 systems 10 7.3876 7.4967 6.3503

Xi 1 244108 314-10° 2.24-10%
L = Xu/X; 409.6 1131 4463.8

corresponding values of &, a,, ..., , for each hypothe-
sisH;.

Table 3 presents the quantities X; for each single locus
and for the entire multilocus system and the likelihood ra-
tios L; (i = 2, 3, 4) for the hypotheses H; as compared to
the hypothesis H;.
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